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A 2-0 mathematical model for the entire sandwich of a proton-exchange membrane 
fuel cell including the gas channels was developed. The self-consistent model for porous 
media was used for the equations describing transport phenomena in the membrane, 
catalyst layers, and gas difisers, while standard equations of Navier-Stoka, energy 
transport, continuity, and species concentrations are solved in the gas channels. A spe- 
cial handling of the transport equations enabled us to use the same numerical method 
in the unified domain consisting of the gas channels, gas difisers, catalyst layers and 
membrane. It also eliminated the need to prescribe arbitrary or approximate boundary 
conditions at the interfaces between different parts of the fuel cell sandwich. By solving 
transport equations, as well as the equations for electrochemical reactions and current 
density with the membrane phase potential, polarization curves under various operating 
conditions were obtained. Modeling results compare very well with experimental results 
j?om the literature. Oxygen and water vapor mole fiaction distributions in the coupled 
cathode gas channel-gas di f iser  were studied for various operating current densities. 
Liquid water velocity distributions in the membrane and influences of various parame- 
ters on the cell performance were also obtained. 

introduction 

One of the most challenging problems in fuel cells model- 
ing is the possibility to  simulate, rather than prescribe or 
guess, the concentration variations along the interface be- 
tween the gas diffusers and catalyst layers. This is a major 
problem, since the distribution of the reactant concentrations 
along the electrodes is needed to calculate the transfer cur- 
rents in electrochemical cells. In the particular case of a PEM 
fuel cell, this phenomenon is related to the gas transport in 
the coupled domain of a gas channel-gas diffuser-catalyst 
layer, and the inability to solve the transport equations in this 
heterogeneous domain apparently has been the main draw- 
back in simulating reactant distributions. A mathematical 
model together with a numerical procedure featuring this 
ability would represent a significant step in simulating trans- 
port phenomena and performance of PEM fuel cells. 

In their study, Ridge et al. (19891, Verbrugge and Hill 
(1990a,b), Bernardi and Verbrugge (1991, 19921, and Springer 
et al. (1991) treated 1-D models of the same problem which 
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provided useful information for further development of the 
2-D models. 

The 2-D models published so far are mostly concerned with 
the transport phenomena in the domains consisting of the 
membrane, catalyst layers, and gas diffusers, while the con- 
centrations/partial pressures in the gas channels are assumed 
more or less arbitrarily, o r  averaged values are used as 
boundary conditions at the interface with the gas diffusers. 
The work of Singh et al. (1996) assumed linear variations of 
the chemical species a t  the gas channel-gas diffuser inter- 
faces, and the developed model describes phenomena exclu- 
sively in the membrane-catalyst layers-gas diffusers. Fuller 
and Newman (1993) solved for the transport across the fuel 
cell sandwich at certain locations along the gas channel and 
thereafter integrated in the second direction, while the gas 
outside the gas diffusers was assumed to be of uniform com- 
position in the direction across the cell. Nguyen and White 
(1993) used algebraic expressions for the concentrations along 
the electrodes, while Amphlett e t  al. (19951, in their model- 
ing of the Ballard IV fuel cell, assumed averaged partial 
pressures along the gas channels. 
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Table 1. Physical Parameters of Fuel Cell Elements 

Gas channel length, 7 . 6 2 ~  lo-* m 
Gas channel width, D = 7.62 X 
Gas diffuser width, 2.54 X l W 4  m 
Catalyst layer width, D,, = 0.287 X 
Membrane width, L = 2.3 X 

Gas diffuser porosity, E = 0.4 
Membrane porosity, E ,  = 0.28 (Bernardi and Verbrugge, 1991) 
Vol. fraction memb. in catalyst layer, E,, = 0.5 (Bernardi and 

Permeability to air of gas diffuser, k = 1.76X lo-" m2 
Thermal conduc. of graphite matrix of gas diffuser, 

Hydraulic permeability of memb., k ,  = 1.58X 10- '' m' 

Electrokinetic permeab. of memb., k ,  = 1.13 X lo-" m2 

Thermal conduc. of dry memb., km,dry =lo0  W.m- ' .K- '  
Fixed charged site concen. in memb., cf = 1.2 X lo3 mol.nC3 
(Bernardi and Verbrugge, 1991) 
Charge of sulfonate site in mernb., zf = - 1 
Ref. exch. current density times area, uj:' = 5 X 10' A-m-3  

Cathodic transfer coeff. for cathode, a, = 2 (Bernardi and 

m 

m 
m (Bernardi and Verbrugge, 

1991) 

Verbrugge. 1991) 

k , ,  = 150.6 W * m - ' . K - '  

(Bernardi and Verbrugge, 1991) 

(Bernardi and Verbrugge, 1991) 

(Bernardi and Verbrugge, 1991) 

Verbruaae, 1991) 

In reality, the concentrations along the gas channels-gas 
diffusers-catalyst layers will vary due to diffusion-convection 
transport and electrokinetics in the catalyst layers. These dis- 
tributions will depend therefore on the gas/medium proper- 
ties, as well as on the reaction rates. These latter ones are in 
turn functions of the reactant concentrations and an iterative 
procedure would be required to predict them. A proper de- 
scription of the species concentration distribution would in- 
volve the use of the 2-D momentum equations in the coupled 
gas channel-gas diffuser-catalyst layer domain. Together with 
the continuity and species concentration equations (Stefan- 

Table 2. Physical Parameters of the Fluids: Base Case 
Conditions 

Air inlet temperature, 7; = 353 K 
Air inlet pressure, p ,  = 3 atm 
Air inlet velocity, U, = 0.3.5 m .s-  ' 
Air viscosity, p = 1.85 X 
Air thermal conductivity, k = 2.5X lo-' W*m- ' .K- '  
Molecular mass of air, 29X 
Molecular mass of oxygen, 32X 
Molecular mass of nitrogen, 28 X 
Molecular mass of water, 1 8 X  
Air specific heat at const. pres., cp  = 1,008 J .  kg-' * K - '  
Au relative humidity at inlet, 100% 
Oxygen/nitrogen ratio in air at inlet, 0.21/0.79 
Hydrogen inlet pressure, p,  = 1 atm 
Water density, p = 971.1 kg.m-3 
Water viscosity, p = 8.91 X 
Water thermal conductivity, k = 0.6 W - m- ' * K- ' 
Water specific heat at const. pres., cp = 4,190 J -kg - l -K- '  
Proton diffusivity in water, DH+ = 4.5 x 1W9 atm m2-s-  

Critical temperature for oxygen, T,, = 154.4 K 
Critical pressure for oxygen, p,, = 49.7 atm 
Critical temperature for nitrogen, T,, = 126.2 K 
Critical pressure for nitrogen, p,, = 33.5 atm 
Critical temperature for water, c, = 647.3 K 
Critical pressure for oxygen, p,, = 221.2 atm 

kg*m-'*s- '  

kg.mo1-l 
kg-mol-' 

kg. mol- ' 
kgemol-' 

kg.m-'.s-' 

(Bernardi and Verbrugge, 1991) 

Maxwell), equations describing the electrochemical reactions 
have to be also part of the system. These latter ones are cou- 
pled with the transport equations in membrane via electroos- 
motic terms. The only independent variables for constant ge- 
ometry and material properties are the mass-flow rates, tem- 
peratures, humidities, and the pressures of the gas mixtures 
at the gas channel inlets, the external circuit resistance, and 
the temperature of the heating (cooling) agent, the last one 
having influence on the electrochemical reactions via Arrhe- 
nius type terms. These are actually the only parameters that 
can be controlled in laboratory experiments or other fuel cell 
applications. 

The problem in the coupled domain can be solved without 
the use of boundary conditions at the interfaces, if all the 
domain is considered as an entirety. The discretization of the 
PDEs is done in such a way that the corresponding algebraic 
equations lead to a correct solution in a domain of large vari- 
ations of the Peclet number. It is necessary to use proper 
boundary values for the parameters, such as diffusion coeffi- 
cients, rather than boundary conditions for the dependent 
variables at the interface between layers of different proper- 
ties. This is the method we have adopted in this work. To the 
best of our knowledge, there are not any published models 
that describe the interaction between the gas channels and 
the rest of the fuel cell sandwich. 

Model Description and Assumptions 
A typical PEM fuel cell is shown in Figure 1. The collector 

plates, made of an electrically conductive material, are pro- 

b- cell voltage - I 
I I 

T 

anode cathode 
Legend - collector plate 

gaschannel 

gas diffuser 

catalyst layer 

membrane 

Figure 1. 2-D PEM fuel cell. 
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vided on both sides with gas channel networks. Between the 
two collector plates, there are two networks of flow channels, 
two gas diffusers, two catalyst layers, and the membrane. 

The collector plates are in contact with the porous gas dif- 
fusers, which in many cases are made of graphite paper or 
graphite cloth and locally coated with hydrophobic poly- 
tetrafluorethylene (PTFE). The transports of the gas mixture 
components through the pores of the gas diffuser are deter- 
mined by the momentum transport across the interface be- 
tween the channel and the gas diffuser, as well as by the con- 
centration and pressure gradients. The graphite matrix of the 
gas diffusers provides path for the electrons to be trans- 
ported between the collector plates and the catalyst layers of 
the MEA. 

The MEA assembly is formed by a perfluorosulfonic acid 
polymer film, called proton exchange membrane (PEM), and 
two catalyst layers, bounded on each side of the PEM by hot 
pressing or some other forms of deposition. The PEM is a 
transparent film with the thickness of some fractions of a mil- 
limeter, and a macromolecule having a structural unit for- 
mula that enables protons from the sulfonate site to detach 
and hop from site to site throughout the material. The cata- 
lyst layers are made from a mixture of graphite powder, PEM 
powder and a catalyst, usually platinum, bonded to the gas 
diffuser. 

The hydrogen from the anode gas channels will be trans- 
ported through the adjacent gas diffuser towards the catalyst 
layer, where it oxidizes according to the reaction 

2H, -+ 4H’ +4e  

Protons are hydrated by water that impregnates the PEM. 
The liquid water in PEM will be transported due to diffusion, 
dispersion, pressure gradients, and proton drag. The air mix- 
ture in the cathode gas channels will be partially transported 
through the adjacent gas diffuser towards the catalyst layer, 
where oxygen will react with protons coming from the anode 
through the PEM and with the electrons coming from the 
anode through an external circuit, according to 

0 , + 4 H f + 4 e - + 2 H , 0  

The model used here is 2-D, and is presented in Figure I .  
It represents a cross-section along one of the cathode chan- 
nels and contains all fuel cell elements from one collector 
plate to the other. It is assumed here that the design of the 
collector plates is such that the anode and cathode gas chan- 
nels have the same orientation and appear in the same 
cross-section. 

In the model development, the following assumptions are 
used: 

The gas mixtures are considered to be perfect gases. 
The volume occupied by liquid water in the gas channels 

coming from the gas diffusers is negligible (in gas channels, 
only gas mixtures are present). 

The flow is laminar everywhere. 
The gas mixture flows are incompressible. 
Only the steady-state case is considered. 
The gas diffusers, catalyst layers, and the PEM are con- 

sidered each as isotropic porous media. 

2412 

Dilation or  contraction of the porous media is neglected. 
The contact electrical losses at the interfaces between 

different fuel cell elements are neglected. 
The catalyst layers are considered to have vanishing small 

thickness when the transport equations are solved, but the 
real values are taken into account when the membrane phase 
potential and current density are calculated. 

The dispersion of the fluids in the porous media is disre- 
garded at  this stage. Its effects can be easily accounted in the 
general diffusion coefficients. 

The heat generated under reversible conditions is nc- 
glected in this work. 

Mathematical Model 
Our mathematical model uses nondimensional transport 

equations. Three different domains are considered, corre- 
sponding to the phases of the fluid taken into account: the 
cathode gas channel-gas diffuser-catalyst layer for the air 
mixture; the cathode gas diffuser-catalyst layer-membrane- 
anode catalyst layer-gas diffuser for liquid water; the anode 
gas channel-gas diffuser-catalyst laycr for hydrogen. 

In the gas channels 
The fluid mechanics in the gas channel are described by 

the continuity and Navier-Stokes equations, which in nondi- 
mensional form and under the assumptions mentioned in the 
previous section become (KakaG and Yener, 1994) 

where the nondimensional parameters are defined as 

P - P, P A D  

P J 2  P 
p = -  , Re=- 

Similarly, the energy equation becomes 

where, 

The equation for the species concentration is 
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where X ,  stands for the mole fraction of the k th component, 
and Sc, = p//pD, is the Schmidt number. The diffusion coef- 
ficient of the kth component D, can be expressed in terms 
of the binary diffusion coefficients as 

pk 1-- 
P 

c 1  D, = 

c -- 
m # k  'rn D k , m  

(6) 

with c,,, being the partial molar concentration. 
Equation 5 may be solved only for n - 1 components (water 

vapor and oxygen in the cathode), the last one for nitrogen 
coming out from the relation 

I1 - 1 

x,, = 1- c x, ( 7 )  
i =  1 

In the gas difisers 
The gas diffusers in our virtual fuel cell are made from 

graphite cloth. 
Particular forms of the transport Eqs. 1-5 may be derived 

for the gas diffusers if their porous nature is taken into ac- 
count. This is possible if the macroscopic, instead of the mi- 
croscopic variables are used, and by ensemble or space aver- 
aging the terms in the transport equations. 

In terms of macroscopic variables, the continuity equation 
in the porous gas diffuser reads 

where 4 ,  and 4 ,  are the components of the specific dis- 
charge (m * s ' 1. 

The macroscopic velocity field in the porous medium is 
provided by expressions obtained by space averaging the 
Navier-Stokes equations. The resulting equations are a gen- 
eralized form of Darcy's law (Dagan, 1989) and in nondimen- 
sional form read as (Gurau, 1998) 

with the last terms in Eqs. 9 and 10 standing for the average 
drag force exerted by the fluid on the solid surface per unit 

volume of medium, k being the permeability of the gas mix- 
tures in the graphite porous medium (m2), and 6, being the 
porosity. When r (2)  = 1, Eqs. 9 and 10 turn into Brinkman's 
equations. Dagan (1979) showed that r(*) >> 1, and the rela- 
tionship for r(') can be estimated as 

(11) 

At this stage, it is clear to see the similarity between Eqs. 
2-3 and Eqs. 9-10. This enables us to consider the whole 
domain (channel + gas diffuser) as an entirety, if in the nu- 
merical program the extra body forces are taken into account 
for the gas diffuser subdomain. When the flow field is ob- 
tained numerically, one has to remember that the values of 
the velocities in the porous gas diffuser stand for the specific 
discharge. This is reasonable, since q appears in the experi- 
mental context in a natural manner when measuring the out- 
flow from a porous laboratory column. 

It is important to note that the average viscous stress terms 
in Eqs. 9 and 10 may be neglected for slow varying velocity 
field in space, yielding Darcy's equations, but have to be taken 
into account if the macroscopic velocity varies rapidly in 
space, as in the case of the boundary between a porous 
medium and a channel (Dagan, 1989). In such cases, a thin 
layer of the order of the pore scale is formed, where the ve- 
locity drops very fast (as will be seen in Figure 3). The Darcy's 
law is not applicable in this layer; therefore, special boundary 
conditions would have to be used to connect the flow field in 
the channel (described by Navier-Stokes equations) to the 
flow in the porous medium (described by Darcy's law). Our 
way to solve this problem, as we showed, avoids using bound- 
ary conditions and treats the whole domain as an entirety. 

In the gas diffuser layers, energy is transported by diffu- 
sion and locally by convection in the fluid phase and by con- 
duction in the solid matrix of the porous graphite cloth. 

For such a porous medium, the energy equation can be 
obtained by ensemble averaging the microscopic energy 
equations in the fluid and solid phase, respectively, and 
adding them up neglecting the heat generation by viscous dis- 
sipation. To define the resulting effective macroscopic heat 
conductivity, different models of porous media are available 
in the literature (Dagan, 1989). In the context of these mod- 
els, the effective conductivity is a function of the fluid phase 
and solid matrix conductivities. The most suitable model for 
the graphite cloth gas diffuser is believed to be the self- 
consistent approximation in which the conductivity of the fic- 
titious homogeneous matrix is taken to be equal to the con- 
ductivity of the graphite fibers. This porous medium model is 
equivalent to the model of a medium in which spherical in- 
clusions filled with fluid are surrounded by solid shells. In 
this context, the effective macroscopic thermal conductivity 
k, ,  is given by the formula 

where k,, and k,,, are the thermal conductivities (W-m- ' .  
K - ' )  of the graphite solid matrix and of the gas mixture, re- 
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spectively. The energy transport equation for the gas dif- 
fusers, in nondimensional form will be therefore (Dagan, 
1989; Gurau, 1998) 

~ I 

I 

where 

cp standing for the specific heat ( J . k g - ' * K - ' )  of the gas 
mixture at constant pressure. The variables in Eq. 13 have 
been nondimensionalized in the same manner like before. 
Again, one should notice the similarity between Eqs. 4 and 
13. 

The chemical species in the gas mixtures will be trans- 
ported by diffusion and locally by convection. The effective 
macroscopic diffusion coefficient for the k th component in 
the frame of the adopted porous medium model will be 
(Dagan, 1989) 

3.5-1 
2 E  Deff , ,  = - D, if E > 1/3 

(14) 
Deff,,  = 0. if E I 1/3 

where D,  is the microscopic diffusion coefficient for the kth 
species (m2.s- '), defined by Eq. 6. The transport equation 
for the chemical species in nondimensional form will become 
(Gurau, 1998) 

where Schmidt number is defined in terms of the effective 
macroscopic diffusion coefficient given by Eq. 14 

P 
sc, = - 

PDCff ,  k 

Equation 15 is nondimensionalized in the same manner like 
Eq. 8 and is similar to it. 

In the membrane 
The subjects of the transport equations in the porous 

membrane are variables related to water flow; therefore, sim- 
ilar equations like the ones developed for the gas diffusers 
may apply, if the proper parameters for water are plugged in. 
A different form of the momentum transport equations, con- 
taining source terms accounting for electroosmotic forces has 
to be used here. In nondimensional form, these equations 
read (Gurau, 1998) 

~ I I 

I 

gas diffuser 

catalyst layer 

membrane 

I- - - - - - - 1  
I I domain for humid hydrogen .____-_ 
I.--.-.-. ! 

r - - - - 1 
domain for humid air 

domain for liquid water 

-.-.-.- 

L---- 

Figure 2. Geometry, coordinate axes, boundary types 
and characteristic dimensions of the three do- 
mains. 

where k ,  stands for the electrokinetic permeability (m'), k, 
for the hydraulic permeability (m'), zf for the charge num- 
ber of the fixed to the backbone polymer chain sulfonic acid 
ions, cf for the concentration of the sulfonic ions (mol-m-'1, 
F is the Faraday number (96.487 C/mol), 4 is the potential 
in the membrane phase (V), E,, is the membrane porosity, 
and L is the thickness (m) of the membrane (see Figure 2). 
Equations 16 and 17 represent a generalized form of the 
Schlogl's equations. 

The transport of the hydrated protons is governed by an 
equation similar to Eq. 15, with an extra term accounting for 
migration 
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The energy equation is similar to Eq. 13 with a new source 
term of Joule heating 

and the effective conductivity given by Eq. 14, with k,, re- 

In Eq. 19, I is the modules of the membrane phase current 
density (A-m- l )  vector, and a;, is the ionic conductivity 
( n - ' - m  '1. 

For the membrane phase potential, the following equation 
applies 

placed by km.dr, and kgds by k W , P  

Equation 13 applies with a new source term 

where D,, is the thickness of the catalyst layer (m). 
The membrane phase potential satisfies the equations 

= - j, at anode 

The membrane phase current density satisfies 
and the membrane phase current density satisfies 

a4 
I ,  = - om- 

dX 

ddJ 
I =-urn- 

dy  Y (21) 

In the catalyst layers 
Continuity and Eqs. 16 and 17 apply in these regions with 

the porosity E,,, replaced by E,E,,, where E,, is the mem- 
brane volume fraction in the catalyst layer. 

The reactants dissolve in water before they are subjected 
to the electrochemical reaction. At this stage of our model, 
we will ignore this phenomenon and will assume that they 
are transported as components of the gas mixtures. Equa- 
tions like Eq. 15 will therefore apply with the following source 
terms 

At the anode, the source terms for the hydrogen molecules 
and protons are 

1 D  1 .  L 
- - - j , - ,  - J ~ -  2 F  q c  F q c  (22)  

At the cathode, the source terms for the oxygen, liquid wa- 
ter and protons are 

1 D  1 L  1 L  
--j,-, --j,-, -$,F (23) 4F rjc 2F V,c 

where the transfer current densities j ,  and j ,  (A-m-3) are 
defined by the Butler-Volmer expressions 

di, di 
- + = j at anode 
dx  d y  (I 

di, di 
- + = j at cathode 
dx dy  

(28) 

Besides the equations specified previously, the following ad- 
ditional equations have to be also part of the system: 

The equation of state for the perfect gasses apply in the 
first and third domains of Figure 2 

P - = R T  
P 

(29) 

where R is the gas constant (8,314 J.mol-'.K-'); 
Springer et al. (1991) present the following empirical ex- 

pressions to determine the ionic conductivity in a 117 Nafion 
proton exchange membrane 

uZf = 0.005139A -0.00326 if A 2 1 (30) 

where uzf is the reference ionic conductivity at a tempera- 
ture of 303 K. For values of the membrane water content, A 
less than one, the reference ionic conductivity is assumed 
constant. At other temperatures, it is given by 

um(T) = uZf exp 1,268 - - - [ (3b3 ;)I (31) 

where temperature is expressed in K. The membrane water 
content in Eq. 30 is given by the following empirical formula 
(Springer et al., 1991) 

A =  0.043+ 1 7 . 8 1 ~  -39.85~' +36.0a3 for 0 < a I 1 

A = 14+ 1 . 4 ( ~  - 1) for 1 I a I 3 (32) 

a being the water vapor activity at the cathode gas diffuser- 
catalyst layer interface assuming equilibrium, given by 
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(33) 

The saturated water partial pressure is expressed by the fol- 
lowing empirical equation that fits the tabulated values 
(Springer e t  al., 1991) 

log = - 2.1794 + 0.02953T - 9.1837 X 10 ‘T ’ 
+1.4454X 10-’T3 (34) 

The temperature dependence of the binary diffusion co- 
efficients is given by Slattery and Bird (1958) (as cited by Bird 
et al., 1960) 

where a and b are constants, the pressure is in bar, and the 
binary diffusion coefficient is in cm’. s I .  

The thermodynamic open circuit potential for the overall 
reaction is given by 

RT 
4F  

E = 1.23 - 0.9 x W 3 ( T  - 298) + 2.3 -log( p2H2pO2) (36) 

Examination of Eq. 36 shows a decrease of the open circuit 
potential with temperature. Experimental results show an op- 
posite effect. This is due to higher exchange current density 
for oxygen reduction at  higher temperature (Parthasarathy et 
al., 1992). At the present time, we are not aware of any math- 
ematical model to describe this dependency; therefore, we 
used the empirical results of Parthasarathy et  al. (1992) in 
our formulation. They tabulated values for the open circuit 
potential as a function of temperature, which can be fitted in 
the following equation 

E = 0.0025T +0.2329 (37) 

where T is in K. 

Boundary conditions 
As has been already shown, boundary conditions for the 

dependent uariables of the transport equations at the inter- 
faces between different layers of the same domain (the no- 
tion of same or different domains are related to Figure 2) are 
not required. Inlet conditions have to  be prescribed at the 
gas channel entries and boundary conditions at the interface 
between the gas channels and the plate collectors (solid walls) 
and at the interfaces between different domains. At the gas 
channel entries, conditions of the first kind have to be pre- 
scribed for the gas mixture velocities, pressures, tempera- 
tures, and component concentrations. At the interfaces be- 
tween the gas channels and the plate collectors, boundary 
conditions of the first kind are prescribed for the gas mixture 

velocity components (no slip condition) and for the tempera- 
ture if the temperature of the cooling (heating) agent is 
known, or boundary conditions of the second kind are pre- 
scribed if the wall is adiabatic. At  the interfaces between the 
gas diffusers and the gas channels, the following boundary 
conditions are assumed for the liquid water velocity compo- 
nents 

aq,  dqs ,  
_.- - 0  _-  - 

a2 ax (38) 

Similar boundary conditions are prescribed at the lower and 
upper boundaries that delimit the membrane 

In the gas diffusers, water vapor is considered to be at equi- 
librium with the liquid water in the pores not aligned with 
PTFE. Here also, the liquid water temperaturc is set equal to 
the temperature of the gas mixtures. 

For the membrane phase potential equation, the boundary 
conditions are: 

&$/dn = 0 (no protonic current leaves the domain at the 
upper and lower limits), where n is the direction perpendicu- 
lar to the upper and lower boundaries. 

d4/ r l y  = 0 (no protonic current leaves the domain at the 
interface between the catalyst layer and the gas diffuser). 

No boundary conditions are necessary at the interfaces be- 
tween the membrane and the catalyst layers, since Eqs. 20 
and 27 are coupled over the catalyst layers-membrane do- 
main. 

Special care has to be taken for the boundary values of 
some parameters, rather than dependent uariables at the inter- 
faces between layers of the same domain (Patankar, 1980). 

Solution Technique 
The phenomena in the PEM fuel cell elements are strongly 

interdependent. To solve equations governing these phenom- 
ena in one of the elements requires solving equations in all 
other elements, including the gas channels. Once the equa- 
tions in the frame of the mathematical model are established, 
boundary conditions for the dependent variables at the inter- 
face between two elements are required to couple them or. if 
it is possible, the equations are solved in domains covering 
more then one fuel cell element without boundary condi- 
tions, if the proper parameters corresponding to each ele- 
ment are substituted into the equations. This may be possible 
if the equations describing some phenomenon in more than 
one fuel cell element have similar forms and can be solved 
using the same numerical procedure. 

Solving the transport equations over domains covering more 
than one fuel cell element has to be done carefully. In the 
gas channels and partially in the gas diffusers, the objects of 
analysis are gas mixtures, while in the PEM, catalyst layers, 
and partially in the gas diffuser, it is the liquid water. If the 
energy equation may be solved over the entire domain cover- 
ing all the fuel cell elements, the same cannot be said about 
the continuity, momentum and species conservation equa- 
tions. Therefore, thrce different domains are used in our 
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model (Figure 2). The gas diffusers and catalyst layers belong 
each to two different domains. The transport equations are 
solved in their nondimensional form. Nondimensionalization 
is performed for each different domain, with respect to the 
dimensions shown in Figure 2. The orientation of the coordi- 
nate axes for each domain is also shown in this figure. 

The vclocity and pressure fields for the gas mixtures are 
solved first in the coupled gas channel-gas diffuser domains. 
The composition of the gas mixtures will vary, but we still 
have considered that the gas mixture parameters, such as gas 
constants, are fixed. This enables us to solve the flow and 
pressure fields for the gas mixtures first, and once these fields 
are found, we proceed to solve for the other dependent vari- 
ables. The gas species concentrations are dependent on the 
transfer current densities, therefore, the transport equations 
for the gas components are solved iteratively, together with 
the Butler-Voimcr Eqs. 24 and 25. After convergence is 
achieved, one proceeds to solve for the transport equations 
related to the liquid water flow, for the membrane phase po- 
tential and current densities. Since the source terms of the 
energy equations are functions of the current density for the 
nonisothernial case, after the latter one is found, one has to 
return to solve all equations again, except those for the veloc- 
ity and pressure fields of the gas mixtures. Therefore, a new 
level of iterations is introduced. 

There are generally two ways of solving for the electro- 
chemical cell efficiency: either the operating current density 
is given and different potential losses are calculated, or the 
so-called potentiostatic approach is used, when the cell po- 
tential is set and the current density is calculated. For a 2-D 
model, the operating current density is expressed as the aver- 
age of the current density along the interface between the 
membrane and the catalyst layer. Even if it is provided as an 
input datum, it is unclear how the correct distribution of the 
current density along the membrane-catalyst layer interface 
could be found when its average value is given. One should 
remember here that the reactant distributions along the cata- 
lyst layer is not known a priori. This is the reason for which 
we chose the following approach: The total electrode oueipo- 
tential is assumed first in Eqs. 24 and 25, then the transfer 
current densities together with the other unknowns are solved. 
Once the correct current density is found, the ohmic losses 
can be calculated, and the cell potential is set as the theoreti- 
cal potential minus the total electrode overpotential, minus 
the total ohmic losses. Different values of the total electrode 
ouetpotential are used until the limiting current density is 
achieved. If one is interested in how much of the total elec- 
trode overpotenrial is represented by the concentration over- 
potential, this latter one can now be expressed in terms of 
the limiting current. 

To solve the transport equations, we developed a numeri- 
cal program using the SIMPLE algorithm of S. V. Patankar 
and D. B. Spalding, and described by the former (Patankar, 
1980). 

At the end of this section, we will discuss the validity of 
solving transport equations of different forms such as Eqs. 2 
and 9. Eqs. 3 and 10, Eqs. 4 and 13, and Eqs. 8 and 15, in a 
heterogeneous domain considered as an entirety, without us- 
ing boundary conditions for the dependent variables at the 
interfaces between layers of different properties. We believe 
that solving numerically the energy or species concentration 
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equations in a heterogeneous domain is already common 
practice. Care has to  be taken only at the discretization and 
when assigning values for the general diffusion coefficients at 
the interfaces and for the source terms. A different problem 
arises when solving momentum equations such as Eqs. 2 and 
9, for example. Indeed, here not only is the domain heteroge- 
neous, but the dependent variables themselves are different. 
However, if we remember that by definition the microscopic 
velocity is a limiting case of the macroscopic velocity when 
the porosity E tends to 1, by describing the heterogeneous 
domain locally as a function of porosity we find ourselves in a 
case similar to the ones mentioned above. To support this 
idea, we remember that researchers, who developed bound- 
ary conditions for the momentum equations at the interface 
between a channel and a porous medium, use both micro- 
scopic and macroscopic velocity in the same boundary condi- 
tion expression (Beavers and Joseph, 1967). 

Results and Discussion 
Validation of mathematical model 

The physical parameters used in this study are listed in 
Tables 1 and 2, unless specified otherwise. Before d imming 
any results concerning the performance of the modeled fuel 
cell, or different vectorial and scalar fields, one should ana- 
lyze the behavior of the mathematical model in predicting 
the values of the velocity, temperature, pressure, and compo- 
nent concentrations at the interface between a gas channel 
and the adjacent porous gas diffuser. Concerning the velocity 
field in this coupled domain, one should expect a developed 
field in the channel with velocity vanishing at the solid wall 
(no slip), a parabolic variation in the cross-section with the 
maximum value not at the center line of the channel, but 
shifted towards the interface with the porous medium and a 
nonzero value (slip condition) at this interface (Beavers et al., 
1970). The macroscopic velocity in the porous medium should 
drop very fast from the interface with the channel in a thin 
layer of the order of the pore size (Dagan, 1989). The trans- 
port beyond this layer should be mainly due to diffusion, but 
convection may still be present. Figure 3 shows a very good 
prediction of this behavior. For an inlet axial velocity of 0.35 
m/s, the velocity profile in a cross-section at some distance 
from the inlet presents the characteristics mentioned above 
with a value of approximately 2 mm/s in the channel at the 
interface with the porous medium, and a boundary layer of 
about 0.06 mm inside the porous medium. The maximum ve- 
locity is shifted from the center line, a distance of 3% of the 
channel width. 

The pressure field in the coupled cathode gas channel-gas 
diffuser domain also showed similar characteristics as those 
predicted by Beavers et al. (19701, with a constant axial pres- 
sure gradient and the absence of transverse pressure differ- 
ences in the channel and porous gas diffuser (Gurau, 1998). 

If boundary conditions were to be  used for the gas compo- 
nent concentrations at the interface between the channel and 
the porous medium, they would have read as (Dagan, 1989): 
c,,,,? = c,,~,,,, respectively. Figures 8 and 9, for example, will 
show the oxygen molar fraction in this coupled domain. The 
specified condition is fulfilled at the boundary. The profiles 
in the vicinity of the boundary show that convection is much 
higher in the channel than in the gas diffuser, where the dif- 
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Figure 3. Axial velocity profile across the channel-gas 
diffuser domain. 

fusion may be the main transport mean for the gas compo- 
nents. 

Figure 4 compares the computed fuel cell characteristic us- 
ing the present model with the experimental results of Ti- 
cianelli et al. (19881, corresponding for a cathode gas channel 
pressure of 5 atm, an anode gas channel pressure of 3 atm, a 
cell temperature of 353 K and 20 wt. Pt, 50-nm Pt sputter. It 
shows a very good agreement between the experimental work 
and our mathematical model. 

Cell performance 
In the following paragraphs, the influence of certain pa- 

rameters on the voltage-current density characteristic are an- 
alyzed. The characteristics are compared only to other avail- 
able computed results, obtained with 1-D numerical models 
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Figure 5. Effect of the gas diffuser porosity on the volt- 
age-current density characteristic. 
U, = 0 35 m/s, T = 153 K (isothermal case), XT: = 0 1579 
(100% humidity) 

(Bernardi and Verbrugge, 1992) but not to any experimental 
results; therefore, they should be considered mostly qualita- 
tive. The computed limiting current densities may be ad- 
justed to the experimental results by means of a proper selec- 
tion of the reference exchange current density-area product 
ujFf. In our calculations we have chosen the value used by 
Bernardi and Verbrugge (1991). 

Figure 
5 shows the cell voltage vs. the operating current density for 
different values of the gas diffuser porosity E ,  assuming the 
isothermal case with the temperature T = 353 K, an inlet air 
velocity (m.s-- ') U, = 0.35 m/s, and the water vapor mole 
fraction at the gas channel inlet Xi.: = 0.1579 (100% humid- 
ity). For lower values of E ,  lower values of the limiting cur- 
rent density are found. This phenomenon is due to the lim- 
ited possibilities of the reactant in the cathode side gas mix- 
ture (oxygen) to be transported towards the catalyst layer. 
Bernardi and Verbrugge (1992) present limiting current den- 
sity as a function of porosity for three different catalyst layer 
thicknesses, obtained for their 1-D model. Extrapolating this 
curve for the catalyst layer thickness used in our model, one 
may find close values for the limiting current. The slope of 
the curve is in good agreement with their results as well. Un- 
like other numerical methods, where the program fails to give 
results when the limiting current is achieved, the present one 
is able to predict phenomena even in the region where the 
concentration overpotentials are predominant. 

Figure 
6 presents the current density for different values of the air 
velocity at the cathode gas channel entrance, considering the 
gas diffuser porosity E = 0.4, a constant temperature T = 353 
K (isothermal case) and the water vapor mole fraction at the 
cathode gas channel inlet, X g :  = 0.1579 (100% humidity). For 
higher inlet air velocities (higher air mass-flow rates), more 
oxygen is fed and, therefore, more oxygen is likely to arrive at 
the catalyst layer, with the result of a higher limiting current 
density. This is explained by the fact that for the same pres- 
sure field, for higher velocities, the axial momentum transfer 

Effect of Gas Diffuser Porosity on Cell Performance. 

Effect of the Inlet Air Velocity on Cell Performance. 

Vol. 44, No. 11 AIChE Journal 



1.2 

--c Uin = 0.50 mls 

> 0.4 

0.1 - 

0 5000 10000 15000 20000 25000 30000 35000 40000 45000 
CURRENT DENSITY [A/m2] 

Figure 6. Effect of the air inlet velocity on the voltage- 
current density characteristic. 
I = 7 5 3  K (isothermal case), X2s": = 0 1579 (100% humidity). 
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across the gas channel-gas diffuser interface becomes more 
important, with a consequence of more "fresh"air arriving to 
the catalyst layer. For inlet air velocities higher than approx. 
2 m/s, the limiting current becomes constant, which shows 
that there is a limit effect of the momentum transfer across 
the gas channel-gas diffuser interface. 

Figure 7 pre- 
sents the effect of the cell temperature on the voltage- 
current density characteristic for an inlet air velocity U, = 0.35 
m/s, gas-diffuser porosity E = 0.4, and 100% air humidity. 
Content of water vapor in air at the cathode channel inlet is 
taken as a function of temperature from available data. Wa- 
ter vapor concentration at the cathode gas-diffuser-catalyst 
layer interface will determine the liquid water content in the 
membrane and, therefore, the membrane ionic conductivity 
with the final effect of better cell performances (higher cur- 
rent densities) at higher temperatures. At higher tempera- 
tures, the open circuit potential is higher as well. 

Effect of Temperature on Cell Performance. 
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Figure 8. Oxygen mole fraction in the cathode gas 
channel-gas diffuser domain. 
For I,, = 2.89x l o3  A/mz, U, = 0.35 m/s, T = 353 K (iso- 
thermakcase), = 0.1579 (100% humidity), E = 0.40. Re- 
sulting stoichiometric ratio: ( +  = 25.0. 

Oxygen mole fraction field in the cathode gas channel-gas 
dimser coupled domain 

Figures 8 and 9 show the oxygen mole fraction field in the 
coupled cathode gas channel-gas diffuser domain for the base 
case conditions (isothermal case) and two different operating 
current densities. The oxygen is consumed in the catalyst 
layer. The oxygen consumption is higher for higher operating 
current densities. In Figure 9, where the operating current 
density is the limiting current, the rate of oxygen depletion is 
much higher than in Figure 8. Although the rate of oxygen 
depletion is higher at the left side of the catalyst layer-gas 
diffuser interface, the oxygen concentration is lower in the 
right side. This phenomenon is explained by the convective 
transport in gas diffuser. The corresponding stoichiometric 
ratios are calculated as the ratio between the average oxygen 

Figure 9. Oxygen mole fraction in the cathode gas 
channel-gas diffuser domain. 
For I,, = 3.18x lo4 A/m' (limiting current), L', = 0.35 m/s, 
T = 355! K (isothermal case), X::: = 0.1579 (100% humidity), 
E = 0.40. Resulting stoichiometric ratio: E ,  = 2.28. 
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Figure 10. Water vapor mole fraction in the cathode gas 
channel-gas diffuser domain. 

thcrma? case) x,, , = n 
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mole fraction at the inlet and the average oxygen mole frac- 
tion difference between exit and inlet. 

Water vapor mole fraction field in the cathode gas 
channel-gas difiser coupled domain 

Figures 10 and 11 show the water vapor mole fraction in 
the cathode gas channel-gas-diffuser coupled domain for two 
different current densities. In both cases, air entering the gas 
channel is completely dry. It is assumed that the water pro- 
duced at the cathode gas diffuser-catalyst layer interface is in 
vapor state. The maximum water vapor mole fraction is the 
one corresponding to the water saturation pressure. If more 
water vapor is produced, it will condense. In Figure 10, since 
the current density is relatively small, the reaction rate is small 
as well and the water partial pressure is smaller than the wa- 
ter saturation pressure. In Figure 11, more water vapor is 
produced and the maximum water vapor mole fraction corre- 
sponds to the saturation pressure (100% humidity). In both 
cases, Xzt  = 0.1579 corresponds to a temperature of 353 
and a pressure of 3 atm in the cathode. 

LI 
Figure 11 
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Figure 12. Oxygen mole fraction distribution along the 
gas channel-gas diffuser interface, for differ- 
ent cell operating current densities. 
L’) = 0 15 m/\, T = 351 K (isotheimal case). X,% , = 0 1579 
(IOOc’c humidi ty) .  t = 0 40 

Oxygen mole fraction distribution as a function of the fuel 
cell operating current density 

Most of the mathematical models for PEM fuel cells use 
oxygen mole fraction or partial pressure distributions along 
the cathode gas channel-gas-diffuser interface as input data. 
These “guessed” or a priori prescribed distributions may 
eventually affect the computed values of the operating cur- 
rent density. The present mathematical model enables us to 
solve the transport equations in the coupled gas channel- 
gas-diffuser domain; therefore, the oxygen mole fraction is 
calculated. not prescribed. Figure 12 presents the computed 
oxygen mole fraction distributions at the interface between 
the cathode gas channel and gas diffuser for the base case 
conditions and different operating current densities. For 
higher operating current densities, these distributions are 
clearly nonlinear, as assumed in other models. For the base 
case conditions and operating current densities higher than 
3.17 X lo4 A/m’, the oxygen mole fraction distribution re- 
mains almost unchanged at this interface, which shows that 
limiting current density is approached. 

Current density distribution at the membrane-cathode 
catalyst layer as a function of the fuel cell operating 
current density 

If the operating current density was an input datum and 
the distribution of the oxygen mole fraction at the cathode 
gas channel-gas diffuser was not prescribed before perform- 
ing the computations, it would be unclear how the current 
density distribution could be found. Even though the operat- 
ing current density is the average of the current density dis- 
tribution at the membrane-cathode catalyst layer interface, 
the knowledge of the former one is not sufficient to deter- 
mine the latter one. Therefore, in the present formulation we 
used the total electrode overpotential as an input datum to 
find the operating current density, the current density distri- 
bution, and the oxygen mole fraction distribution. This was 
possible, since there is a one-to-one relationship between the 
cell overpotential and the cell voltage. It is true that for a 
certain regime, the total electrode overpotential is not known 
a pnori. Therefore, one has to calculate the operating current 
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Figure 13 The current density distribution along the 
membrane-catalyst layer interface, for differ- 
ent cell operating current densities. 
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density-cell voltage curve for different regimes from zero cur- 
rent density until the limiting current density is achieved, and 
after that interpolate for the desired regime. Figure 13 shows 
the current density distribution at the membrane-cathode 
catalyst layer interface, for the base case and the oxygen mole 
fraction distributions in Figure 12. 

Membrane liquid water velocity field 
The transport of liquid water in the porous membrane is 

due to the superposition of certain effects: the pressure field, 
the proton drag, friction with the pore walls, and water con- 
centration field. The pressure field and the proton drag have 
opposite effects. Since water is produced at the cathode, the 
back diffusion has the same effect on the water transport as 
the pressure field. At lower current densities, when the pro- 
ton drag is less important than the pressure field, water will 
be transported from cathode to anode. When the current 
density becomes more significant, water will move against the 
pressure field, from anode to cathode. Since the current den- 
sity is higher towards the gas channel entries (sec Figure 131, 
the effect of the proton drag will be also more important in 
that part of the membrane. As a consequence, the water ve- 
locity (specific discharge) field in the membrane will be not 
uniform along the y direction (see Figure 2). Therefore, there 
will be a range of the intermediate overall effect on the water 
transport, when water will move from the anode to the cath- 
ode in the membrane region closer to the gas channel entries 
and in the opposite direction in the rest of membrane. Fig- 
ures 14a, 14b and 14c present three different regimes of the 
membrane water transport. For the base case conditions and 
operating current densities lower than 850 A/m2, water will 
be transported from cathode to anode (Figure 14a). For cur- 
rents higher than 900 A/m2, it will be transported in the op- 

Figure 14. Membrane liquid water velocity field (specific 
discharge) for the base case conditions and 
a cell operating current density of (a) 850 A,/ 
m2; (b) 865 Nm2; (c) 900 Nm'. 
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posite direction (Figure 14c). In between these approximate 
limits, the picture will be similar to Figure 14b. 

Conclusion 
The mathematical model presented here enables predic- 

tion of phenomena in the entire fuel cell sandwich, including 
the gas channels. The input data are only those parameters 
that can be controlled in real fuel cell applications. No as- 
sumptions are  necessary for the distribution of the species 
concentrations or current density, as they are assumed in 
other fuel cell models available in the literature. The com- 
puted oxygen mole fraction along the gas channcl-gas-dif- 
fuser interface and the current density along the membrane- 
catalyst layer interface do not present linear distributions, as 
are assumed in other works. The oxygen mole fraction field is 
also presented in the coupled gas channel-gas-diffuser do- 
main. The computed fuel cell performances are realistic. 

Notation 
a j F f =  reference exchange current density times area, A.m-’ 

c = molar concentration, moI-m-3 
D= gas channel width, m 
E = thermodynamic open circuit potential, V 

laVg= operating cell current density, A-m-’ 
k,,, = electrokinetic permeability, m2 
M = molecular mass, kg . kmol - ’ 
n = number of electrons participating in reaction 
p = pressure, Pa 

Pe = Peclet number 
Pr = Prandtl number 
Q = heat sourcc, W. m-’ 

r(*)= coefficient in the generalized Darcy’s equation 
Re = Reynolds number 

S=entropy, J.kg-’-K-.’ 
S = source term of the generalized transport equation 
T =  temperature, K 

u ,  v= velocity components, m.s-’  
x, y= coordinates, m 

Greek letters 
a = transfer coefficient 
r = diffusion coefficient of the generalized transport equation 
q =  total electrode overpotential, V 
A =  membrane water content. mol H,O/mol SO? 
p =  density, k g - I K 3  
p= viscosity, kgam-’ . s - ’  
t= stoichiometric ratio 

Superscripts 
- = nondimensionalized variable 

ref = reference 

Subscripts 
a = anode 

A ,  B = components 
avg = average 

c = cathode 
ch = channel 
c/= catalyst layer 
cr= critical 
e = exit 

eff = effective 
f= related to the sulfonic acid ions 

H’= related to the hydrogen protons 
H, = related to the hydrogen molecule 

i = inlet 

inter = interface 
I = liquid 

O2 = relatcd to the oxygen molecule 
pm = porous medium 

w = wall or related to water 
X, y =  directions 

+ = cathode 
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